Abstract: Event-based control aims at reducing the information exchange over the communication network in control systems. This paper extends an event-based state-feedback approach in order to cope with the situation that the digital communication link between the sensors and the actuators induces a substantial time delay. As the main result, a bound for the maximum tolerable time delay is derived, which guarantees that the event-based control loop is stable, in the sense, that its state remains in a bounded surrounding of the state of a continuous-time state-feedback loop without delays.
INTRODUCTION
The digital communication network used in networked control systems (NCS ) has a considerable influence on the loop performance since its load affects the quality of service and may lead to significant time delays and packet dropouts (Hespanha, Naghshtabrizi, and Xu [2007] ). To cope with this situation, event-based control has been proposed as a means to reduce the communication between the components of the control loop by invoking a communication only after an event has indicated an intolerable control error. However, a communication delay cannot be completely prevented and, therefore, requires attention also in the event-based setup.
Fig. 1. Event-based control loop
The structure of the event-based control loop as considered in this paper is shown in Fig. 1 . The closed loop consists of
• the plant, • a control input generator which includes the controller, • an event generator and • a digital network which may induce the delay τ k .
The dashed lines in the figure indicate that the links are only used at event times t k (k = 0, 1, 2, ..
.) determined by
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Literature. In literature, the event-based nature of controllers has been investigated in the early papers (Årzén [1999] , Heemels et al. [1999] ) by simulation and experiments. First analytical results were derived byÅström and Bernhardsson [2002] , Heemels, Sandee, and van den Bosch [2007] , and Lunze and Lehmann [2010] for single-loop systems. Recent publications by Cervin and Henningsson [2008] , Mazo and Tabuada [2008] , Wang and Lemmon [2008] investigated event-based control in the broader setting of multi-loop systems, which are closed over the same communication network. However, until now there are only a few papers, e.g. by Wang and Lemmon [2009] , which consider the influence of delays on event-based control.
Aim of this paper. The approach presented in this paper distinguishes from the previous approaches both conceptually and methodologically since it investigates the influence of communication delays on the performance of the event-based control scheme proposed by Lunze and Lehmann [2010] . This scheme is referred to as event-based state feedback with ideal communication in the remainder of this paper. It has the following characteristics:
• The event generator as well as the control input generator use a model of the continuous-time statefeedback loop to generate events or the input signal u(t), respectively. • Both models are synchronously reset at event times t k with the current plant state x k = x(t k ). Hence, they have an identical behavior for all times t.
Considering delays, a synchronous resetting of both models becomes infeasible because the information x k sent at event time t k by the event generator arrives at the control input generator at time t k + τ k with an unknown delay τ k . The analysis will show that, as expected, the performance of the event-based control loop deteriorates with an increasing communication delay τ k . Nevertheless, it will also show that by appropriately preprocessing the delayed information in the control input generator a stable behavior of the event-based control loop can be guaranteed for bounded delays. The evaluation will illustrate that the delay bound derived in Sec. 3 may exceed the delay bound for which a corresponding continuous-time control loop remains stable.
The paper is structured as follows. In Sec. 2 the influence of delays on the considered event-based control scheme is described and an approach to appropriately preprocess the delayed information is proposed. The main theoretical results are presented in Sec. 3 where an upper bound for the deviation between the behavior of the eventbased control loop subject to delays and a continuous-time control loop without delays is derived. Section 4 presents simulation results.
Basic Assumptions. Throughout the paper, the plant is described by the linear model
where the state x ∈ IR n and the time t are assumed to be measurable, the input is denoted by u ∈ IR m and the disturbance by d ∈ IR which is bounded according to
It is assumed that
• the dynamics of the plant are accurately known, • the event-generator and the control input generator have synchronized clocks, and
Moreover, it is assumed that the delay τ k is always smaller than the minimum time interval between two consecutive events:
EVENT-BASED CONTROL WITH DELAYED COMMUNICATION

Continuous-time state feedback
Considering the plant (1) and the undelayed state feedback u(t) = −Kx(t), the continuous-time state feedback loop is described bẏ
withĀ = A−BK. The controller K assumed to be chosen so that the matrixĀ is Hurwitz. In the following, the continuous-time control loop is used as a reference system based on which the performance of the event-based statefeedback is investigated.
Components of the event-based state feedback
Event generator. In the time interval t ∈ [t k , t k+1 ) between two consecutive events the event generator runs a copy of the model of the undisturbed continuous-time state-feedback loop (3) x e (t) =Āx e (t), x e (t (4) between two consecutive events is described by the relation
(5) An event is generated whenever the difference between the plant state x(t) and the state x e (t) of the event generator reaches a given thresholdē. Hence, the event time t k is determined by the equation
where x − ek and t − k denote the state and the time instance before the update of the model (4). It holds
At event time t k , the current plant state x k and the event time t k are sent over the communication link to the control input generator.
Control input generator. The control input generator also uses a copy of the model of the undisturbed continuous-time closed-loop system (3) to produce the control input in the time interval t ∈ [t k +τ k , t k+1 +τ k+1 ) :
(8) Note that the interval explicitly depends on the communication delays τ k and τ k+1 . The state is renamed as x s (t) and referred to as the state of the control input generator in order to distinguish it from the state of the event generator. The update state x + sk is determined based on the information about the plant state x k and the delay τ k as described in Sec. 2.4.
Problem description
Consider first the data-updating scheme of event-based state feedback with ideal communication (τ k = 0 for all k), which is depicted in Fig. 2 (left). It is an important fact that at the event time t k (k = 0, 1, ...) the states x s (t k ) and x e (t k ) are updated synchronously with the new value x
Consequently, both states coincide for all times t since the copies (4), (7) of the model (3) used by the control input generator and the event generator are the same. Moreover, both states are identical to the plant state x(t), if no disturbance occurs (d(t) = 0).
Due to the time delay τ k , the state update can no longer be carried out synchronously in the event generator and the control input generator which leads to the following consequences:
• Whereas the event generator immediately knows the new state x k , the control input generator gets this information with the time delay τ k , which is not known for the event generator. Therefore, the two copies of the model (3) used in these components are no longer synchronized with respect to the resetting of their states. Hence, only the state x e (t + k ) of the event generator is identical to the plant state x(t k ), but the state x s (t) of the control input generator generally differs from x(t) for all times t (Fig. 2 (right) ).
• The data transmitted from the event generator towards the control input generator has to be extended to the data package (x k , t k ), where t k denotes the kth event time and x k = x(t k ) holds as before (Fig. 1) . Then, the control input generator is able to determine the delay τ k .
• As the event generator does not know the delay time τ k , it does not know the time interval t ∈ (t k , t k + τ k ) in which the control input generator produces the input signal with the "old" state information x k−1 before it changes its state and generates the input according to the new state information x k .
Determination of the state x + sk
The state x + sk used for updating the model (7) in the control input generator at time t k + τ k has a significant influence on the performance of the event-based control loop since it directly affects the control input u(t) for t ≥ t k + τ k . In this section an approach to appropriately preprocess the information x k arrived at time t k + τ k at the control input generator is proposed which aims at recovering a synchronous behavior of the event generator and the control input generator for the time interval t k + τ k ≤ t < t k+1 as depicted in Fig. 3 .
As the control input generator knows the state x k as well as the delay τ k at time t k + τ k , the relation x s (t) = x e (t) holds for t k + τ k ≤ t < t k+1 , if x + sk is chosen to be
because
holds at time t k + τ k according to Eq. (5) and assumption (2). 
The plant model (1) and the control input generator (7), (8) yield the following model of the closed-loop system:
the state of which at time t k + τ k is given by
For further analysis, the main problem is to determine the state x(t k + τ k ) = x τ k , which is not known due to the unknown disturbance. Introducing the difference state
the model (11) can be transformed into
Time intervall t k+1 ≤ t < t k+1 + τ k+1 . The plant (1) together with the control input generator, which is at time t k+1 in the state
(see Eq. (13)), is again described by model (11). Using the difference state (12), the equivalent model
results, where the state x(t) is given by x(t) = x s (t) + x ∆ (t) with
Difference between the event-based control loop and the continuous-time control loop
The performance of the event-based state feedback with ideal communication has been evaluated by Lunze and Lehmann [2010] by comparing this control loop with the continuous-time state-feedback loop. It has been proved that the approximation of the continuous-time statefeedback loop by the event-based control loop can be made arbitrarily tight by appropriately choosing the threshold parameterē of the event generator. Considering time delays, the following analysis shows how this property of event-based control deteriorates with an increasing communication delay τ k .
Firstly, it is shown how the difference e(t) = x(t) − x CT (t) between the state x(t) of the event-based control loop (1), (4), (6)-(8) and the state x CT (t) of the continuous-time state-feedback loop (3) depends upon the difference state x ∆ (t) introduced in Eq. (12). Equations (3) and (1), (7) yield the following differential equation:
An upper bound for the approximation error e(t) is given by
with
Determination of x ∆max
In the delay-free scenario, x ∆ (t) is bounded by x ∆ ≤ e according to the event generating mechanism and x e (t) = x s (t) for all times t. The following analysis yields a bound x ∆max for the event-based control loop with time delay.
). An upper bound of x ∆ (t) is obtained from the inequality
+ x e (t) − x s (t) by deriving upper bounds for the two terms on the righthand side. As the event generating mechanism resets the state x e (t) at event times t k immediately with the plant state x k , the first term is bounded by the event threshold
x(t) − x e (t) ≤ē.
Due to the update mechanism (9) and assumption (2), x e (t) = x s (t) holds for all t in the time interval considered. Hence, the second term is zero and x ∆ (t) is bounded by
Time interval t ∈ [t k+1 , t k+1 + τ k+1 ). In this time interval before the state x s is reset, the difference state x ∆ (t) is given according to Eq. (15) by (20) where Eq. (19) was used to replace x k+1 − x s (t k+1 ) by the event thresholdē since
holds at time t − k+1 before the update of the state x e of the event generator. In Eq. (20), the first term accounts for the difference between the measured plant state x k+1 and the state x s (t k+1 ) of the control input generator and the second term for the effect of the disturbance d(t) in the time interval t ∈ [t k+1 , t k+1 + τ k+1 ).
As the inequalityc = max τ ∈ [0,τ ] e Aτ ≥ 1 holds for allτ ≥ 0, the bound (20) is always larger than the bound (19) and both inequalities can be summarized as
e Aα E dα. Lemma 1. Consider the event-based control loop (1), (4), (6)- (8) with communication delay and the state update mechanism (9). Under the assumption (2), a bound x ∆max of x ∆ (t) = x(t) − x s (t) is given by
e Aα E dα.
Satisfaction of assumption (2)
This section shows that it is possible to give an upper bound τ on the time delay τ k so that assumption (2) is satisfied. This bound has to ensure that no event is generated in the time interval t k ≤ t < t k + τ k . In this time interval the relations
hold according to Eqs. (5), (14) which can be rewritten as
As no event should be generated according to Eq. (6), the inequality
<ē with x ∆ (t) from Eq. (15) has to hold, where t k+1 was replaced by t k . Hence, the inequality
which has to hold for t k ≤ t < t k + τ k , implies that the assumption (2) is satisfied. An upper bound τ of the delay τ k for which this inequality is satisfied can be determined by
Equivalently, τ can be determined by rewriting condition (26) as follows:
Lemma 2. For all τ ≤ τ with τ representing the maximum delay satisfying conditions (27) and (28), the assumption (2) is satisfied.
Main result
Lemmas 1 and 2 yield the following bound for the difference between the event-based and the continuous-time control loops. Theorem 1. Consider the event-based control system (1), (4), (6)- (8) with communication delay and the state update mechanism (9). Assume that the maximum time delay due to the communication network is bounded from above byτ ≤ τ , where τ results from the conditions (27), (28). Then, the difference e(t) = x(t)−x CT (t) between the states of the event-based control loop and the continuoustime state-feedback loop is bounded from above by e(t) ≤ e maxd with
and x ∆max according to Eq. (22).
Note, that forτ = 0 the relation x ∆max =ē holds and, hence, the bound e maxd reduces to the bound derived for the event-based state feedback with ideal communication. However, forτ > 0 and the same event thresholdē, the bound e maxd is always larger as the corresponding bound derived for the delay-free scenario.
Moreover, the following properties of the event-based control loop can be expected:
• For stable plants, the parameterā can be made arbitrarily small by accordingly choosing the controller K. Hence, conditions (27), (28) might be satisfied for arbitrary large delays τ ∈ [0, ∞) by accordingly choosing the event thresholdē. This is in contrast to continuous-time control where a delay bound τ generally exists (Lunze [2005] ). Therefore, as illustrated in the subsequent simulation, the event-based control may outperform continuous-time control in the sense that even if the continuous-time control loop becomes unstable due to the delay, the behavior of the eventbased control loop remains bounded.
• The conditions (27) and (28) are sufficient conditions for the delay τ for which a stable behavior of the event-based control loop is guaranteed, so that there might exist larger delays τ > τ for which the eventbased control loop remains bounded.
EVALUATION
Example process
The following evaluation considers the model of the thermofluid process introduced by Lehmann and Lunze [2009] x(t) = −0.8×10
The state feedback is chosen to be
the disturbance is assumed to be constant d(t) =d = 0.05 and the event threshold is set toē = 2.
Determination of the maximum delay boundτ
In this section, the maximum admissible delayτ is derived for which a stable behavior both for the event-based control loop (1), (4), (6)- (8) For event-based control, the bound τ EB = τ = 90 s (33) is obtained by solving conditions (27), (28) with a standard nonlinear equation solver. It is apparently larger than the admissible delay in the continuous-time case. The reason for this is the following: Instead of continuously using delayed, i.e. wrong, information about the plant state x(t) for determining the input u(t) as it is the case in the continuous-time control loop, the event-based control loop adapts at time t k + τ k the transmitted information x k to the current delay τ k in order to produce a more appropriate input signal u(t). In the upper and the middle plot the behavior of the states x 1 (t) and x 2 (t) is depicted as well as the behavior of the corresponding states of the event generator x e (t) and the control input generator x s (t). The event times t k at which the information (x k , t k ) is sent from the event generator towards the control input generator are marked by the arrows in the middle plot. After the initializing event at time t 0 overall 11 events occur in the time interval considered due to |x 1 (t k ) − x e1 (t k )| = 2, for k ≥ 1.
Behavior
The figures clearly demonstrate how the update mechanism works. At event times t k (k = 1, 2, ...) first only the state x e is updated with measured plant state x k whereas at time t k + τ k the state x s of the control input generator is set to the current state x e of the event generator. Hence, the states x s and x e are identical until the next event time.
As expected, the states x 1 (t) and x 2 (t) remain bounded since the delay considered is smaller than the bound given in Eq. (33).
The lower plot of Fig. 4 shows the difference e(t) ∞ = x(t) − x CT (t) ∞ . Applying Eqs. (22), (29) with d max = 0.05 andτ = 77 s yields the upper bound e maxd = 3.3 for the maximum approximation error. It can be seen that the inequality e(t) ∞ ≤ e maxd is satisfied for all times t.
This result shows that the event-based control loop has a better performance than the continuous-time control loop because the continuous-time control loop is unstable for the delay considered (τ CT < 77 s). However, note that for the continuous-time state-feedback loop, several methods exist for explicitly designing controllers or modifying the closed-loop structure in order to better counteract the influence of delays (Sipahi et al. [2011] ).
CONCLUSIONS
In this paper the event-based state-feedback scheme introduced by Lunze and Lehmann [2010] has been extended for the situation that the communication network induces some time delay in the control loop. It has been shown that for bounded delays and by appropriately preprocessing the delayed information, the event-based control loop is stable in the sense that its state remains in a bounded environment of the state of the continuous-time statefeedback loop without delays. Moreover, conditions have been derived which can be used to determine the maximum delay for which a stable behavior of the event-based control loop is guaranteed.
